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SIMPLE EMBEDDINGS OF RATIONAL HOMOLOGY BALLS AND
ANTIFLIPS
HEESANG PARK, DONGSOO SHIN, AND GIANCARLO URZU´A
ABSTRACT. Let V be a regular neighborhood of a negative chain of 2-spheres (i.e. ex-
ceptional divisor of a cyclic quotient singularity), and let Bp,q be a rational homology ball
which is smoothly embedded in V . Assume that the embedding is simple, i.e. the corre-
sponding rational blow-up can be obtained by just a sequence of ordinary blow-ups from
V . Then we show that this simple embedding comes from the semi-stable minimal model
program (MMP) for 3-dimensional complex algebraic varieties under certain mild con-
ditions. That is, one can find all simply embedded Bp,q’s in V via a finite sequence of
antiflips applied to a trivial family over a disk. As applications, simple embeddings are
impossible for chains of 2-spheres with self-intersections equal to −2. We also show that
there are (infinitely many) pairs of disjoint Bp,q’s smoothly embedded in regular neigh-
borhoods of (almost all) negative chains of 2-spheres. Along the way, we describe how
MMP gives (infinitely many) pairs of disjoint rational homology balls Bp,q embedded in
blown-up rational homology balls Bn,a#CP
2 (via certain divisorial contractions), and in
the Milnor fibers of certain cyclic quotient surface singularities. This generalizes results in
Khodorovskiy-2014 [5, 6], H. Park-J. Park-D. Shin-2016 [10], Owens-2017 [8] by means
of a uniform point of view.
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1. INTRODUCTION
Let 0 < q < p be coprime integers. A rational homology ball Bp,q is the 4-manifold
obtained by attaching a 1-handle and a single 2-handle with framing pq−1 to B4 by wrap-
ping the attaching circle of the 2-handle p-times around the 1-handle with a q/p-twist. A
rational homology ball Bp,q may be also regarded as the Milnor fiber of the Q-Gorenstein
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smoothing of a cyclic quotient surface singularity of type 1
p2
(1, pq−1) (i.e. a Wahl singu-
larity). The lens space L(p2, pq− 1) is the boundary of Bp,q. At the same time, the space
L(p2, pq− 1) is a boundary of a regular neighborhoodCp,q of a linear chain of 2-spheres
A1, . . . ,As, whose dual graph is given by
−a1
A1
−a2
A2
−as−1
As−1
−as
As (1.1)
where Ai ·Ai =−ai ≤−2 with
p2
pq− 1 = a1−
1
a2−
1
. . .− 1
as
Hence one can rationally blow-up Bp,q which has been smoothly embedded in a smooth
4-manifoldW ; that is, W˜ = (W \Bp,q)∪L(p2,pq−1)Cp,q.
A typical way to produce smooth embeddings of Bp,q’s is through the rational blow-
down of aCp,q in a smooth 4-manifold X . This sometimes gives a 4-manifold which is not
trivially related to X . For example, from a rational elliptic fibration we can get Enriques or
Dolgachev surfaces, or from Lee-Park type of examples we can obtain surfaces of general
type by applying rational blow-down to certain blow-ups of CP2 (see e.g. Urzu´a [13]).
However, it is not easy to detect rational homology balls Bp,q embedded in a given 4-
manifold Z unless one knows a priori that Z is obtained by performing a rational blow-
down surgery.
Khodorovskiy [5, 6] initiates the study of detecting Bp,q. The author defines simple
embeddings of Bp,q in V as the corresponding rational blow-up W = (V \Bp,q)∪Cp,q is
obtained by a sequence of ordinary blow-ups pi : W → V , that is, W = V ♯kCP2 for some
k ≥ 1. Using Kirby calculus, the author shows various instances of simple embeddings in
regular neighborhoods of negative 2-spheres.
Theorem (Khodorovskiy [6, Theorem 1.2, 1.3]). There is a rational homology ball Bp,1
simple embedded in a regular neighborhood V−(p+1) of a 2-sphere with self-intersection
number −p− 1. In particular, for all odd p > 1, there exists a simple embedding of the
rational homology balls Bp,1 →֒V−4.
Theorem (Khodorovskiy [6, Theorem 1.3]). For all even p ≥ 2, there exists a simple
embedding of the rational homology balls Bp,1 →֒ B2,1♯CP2.
Then in PPS [10], the authors HP and DS with Jongil Park generalizes Khodorovskiy [6,
Theorem 1.2] as follows.
Theorem (PPS [10, Theorem 4.1]). Let V be a plumbing 4-manifold of the δ -half linear
chain corresponding to p2/(pq− 1) with 1 ≤ q < p. Then there is an embedded rational
homology ball Bp,q in V .
Here the δ -half linear chain associated to (p,q) is, roughly speaking, a half of the
negative-definite plumbing graph associated to Cp,q (see PPS [10]). The main tools of
PPS [10] are techniques from explicit semi-stable minimalmodel program for 3-dimensional
complex algebraic varieties. Using the MMP for 3-folds, they also prove again the result
above of Khodorovskiy [6, Theorem 1.3].
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Recently Owens [8] gives topological proofs for the results in Khodorovskiy [6] and
PPS [10] by using manipulations of knot with bands diagrams representing properly em-
bedded surfaces in B4, which also leads the following new embeddings.
Theorem (Owens [8, Theorem 4]). There is a simple embedding Bp2,p−1 →֒ Bp,1♯CP2.
Theorem (Owens [8, Theorem 5]). Let F(n) is the n-th Fibonacci number. Then there is
a smooth embedding BF(2n+2),F(2n) →֒ CP2.
Owens [8] found also new embeddings intoCP2. These embeddings cannot be symplec-
tic by the result of Evans-Smith [1] because they proved that all symplectic embeddings
into CP2 are the ones coming from algebraic geometry via the classification of Hacking-
Prokhorov [3]. We remark that these complex embeddings are also related to MMP via a
blown-up family (see Urzu´a [14, Theorem 3.1]).
In this paper we show that all simple embeddings in neighborhoods of linear chains of
negative 2-spheres come from the semi-stable MMP for 3-dimensional complex algebraic
varieties under certain mild conditions. Explicitly:
Theorem 1.1 (Theorem 3.5 for details). If V is a regular neighborhood of a linear chain
of 2-spheres which is diffeomorphic to the minimal resolution of a germ of a cyclic quotient
surface singularity, then every plainly simple embedding (Definition 3.1) of Bp,q in V comes
from a finite sequence of antiflips applied to a trivial family over a disk.
We remark that for a one parameter Q-Gorenstein smoothing of a complex projective
surface with only Wahl singularities, we have that if the general fiber is birational to the
special fiber, then the Q-Gorenstein smoothing comes from a smooth deformation after
applying MMP (see Urzu´a [14, Section 3]). In this “birational Q-Gorenstein smoothing”
situation all the corresponding embeddings of Bp,q’s are simple.
Corollary (Corollary 3.6). There are no plainly simple embedded rational homology balls
in a regular neighborhood of a linear chain Γ of consisting of only 2-spheres with self-
intersections equal to −2.
So in principle one may find all plainly simple embedded Bp,q in V if one can handle
the combinatorics of all possible mk1A’s or mk2A’s anti-flips (see Section 2.3) for a given
trivial family with V as its central fiber, which ends up in a Cp,q rational blow-down of
a blow-up of V . But describing this explicitly is a complicated combinatorial problem in
general.
However, we generalize theorems of Khodorovskiy [6], PPS [10], Owens [8] above by
means of MMP in the following way. Let V be a regular neighborhood of a linear chain of
2-spheres E1∪·· ·∪Et whose dual graph Γ is given by
−e1
E1
−et
Et
where Ei ·Ei =−ei ≤−2 for all i= 1, . . . , t. We prove the following.
Theorem 1.2 (Theorem 4.5, Proposition 4.6). If et ≥ 3, then there are pairs of disjoint
Bp,q’s for various p,q smoothly embedded in V . Furthermore, there are infinitely many
such pairs unless e1 = · · ·= et−1 = 2 and et = 3. All the embeddings are simple.
Here p and q are explicitly determined by numerical data of the graph Γ; See Theo-
rem 4.5 for details. In particular, we show that there are infinitely many pairs of disjoint
Bp,q’s in V−n for any n≥ 4 (Corollary 4.10).
Another simple consequences of the MMP procedure give the following two theorems.
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Theorem 1.3 (cf. Theorem 4.11, Proposition 4.12). For any integers n,a with n > a ≥ 1
and (n,a) = 1, there are infinitely many pairs of disjoint rational homology balls smoothly
embedded in Bn,a♯CP
2, where one of them is (Bn2,na−1,Bn,a). All of the embeddings except
Bn,a →֒ Bn,a♯CP2 are proved to be simple.
Theorem 1.4 (cf. Theorem 5.1). Let (Q∈Y ) be a cyclic quotient surface singularity which
admits an extremal P-resolution f+ : X+ → Y . Then there are infinitely many pairs of dis-
joint rational homology balls smoothly embedded in the Milnor fiber of (Q∈Y ) associated
to the P-resolution X+ → Y and all of the embeddings are non-simple.
Theorem 1.4 may be regarded as a generalization of Park-Shin [12, Theorem 1.3]:
Theorem (Park-Shin [12, Theorem 1.3]). There is a smoothly embedded Bp,1 in a non-
simple way inside a 2-handlebody corresponding to a certain twisted torus knot.
Since any Milnor fibers are Stein, they can be described as 2-handlebodies over Leg-
endrian links. It would be an intriguing problem to find twisted torus knots associated
to Milnor fibers, which reinterprets the above theorems in the language of the MMP for
3-folds and 2-handlebodies, vice versa. We leave it for the future research.
The paper is organized as follows. In Section 2 we recall some definitions, notations,
and key facts that will be used in the proofs in the next sections. This includes as main tool
the explicit semi-stable minimal model program for 3-dimensional algebraic varieties as in
HTU [4]. Our main reference will be Urzu´a [13, Section 2]. We prove that every simple
embedding comes fromMMP (Theorem 1.1) in Section 3, via an argument involving semi-
stable MMP and Milnor numbers of smoothings of cyclic quotient surface singularities.
The proof of existence of infinitely many simple embeddings (Theorem 1.4) will be given
in Section 4, and involves a key combinatorial fact on Wahl singularities plus the universal
family of extremal neighborhoods in HTU [4]. We provide non-simple embeddings in
Section 5 using directly semi-stable MMP.
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2. PRELIMINARIES
We briefly recall some basics on the semi-stable MMP and the related topics used in the
present paper. For more details we will refer to Urzu´a [13, Section 2]. We would like to
point out that Evans-Urzu´a [2] gives a symplectic topology guide to this MMP.
2.1. Singularities and theirP-resolutions. A quotient surface singularity is a germ of the
quotient C2/G by a (small) finite subgroup G ≤ GL(2,C). In particular, a cyclic quotient
surface singularity of type 1
n
(1,a) (n > a ≥ 1, (n,a) = 1) is a germ of a quotient C2/µn
of C2 by a multiplicative group µn = 〈ζ 〉, ζ = exp(2pi
√−1/n), via the action ζ · (x,y) =
(ζx,ζ ay). Let E1, . . . ,Es be the exceptional curves of the minimal resolution of a cyclic
quotient surface singularity of type 1
n
(1,a) with E j ∼= CP1 and E2j = −e j ≤ −2 for all j.
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Then the self-intersection number ei’s are determined by the Hirzebruch-Jung continued
fraction of n/a, that is,
n
a
= e1−
1
e2−
1
. . .− 1
es
=: [e1,e2, . . . ,es]
and the dual graph of E1, . . . ,Es is a linear chain of rational curves
−e1
E1
−e2
E2
−es
Es
Notice that two Hirzebruch-Jung continued fractions n/a= [e1, . . . ,es] and n/(n−a) =
[b1, . . . ,be] are dual to each other, this is, we have
[e1, . . . ,es,1,be, . . . ,b1] = 0,
which implies that the linear chain of rational curves
−e1 −es −1 −be −b1
is
blown down to
0
.
Let 0 ∈ D be the an analytic germ of a smooth curve (i.e. an arbitrarily small disk). A
one-parameter deformation (Y ⊂ Y )→ (0 ∈ D) of a normal surface Y is a smoothing of
Y if a general fiber is smooth. It is Q-Gorenstein if KY is Q-Cartier. A normal surface
singularity is of class T if it is a quotient surface singularity and admits a Q-Gorenstein
one-parameter smoothing KSB [7, Definition 3.7]. Singularities of class T are determined
completely KSB [7, Proposition 3.10], and they can be rational double points or a cyclic
quotient surface singularities of type 1
dn2
(1,dna−1) for d ≥ 1, n> a≥ 1, (n,a) = 1. Non
rational double point T-singularities have a very particular minimal resolution KSB [7,
Proposition 3.11].
A Wahl singularity defined by a pair (n,a) is a cyclic quotient surface singularity of
type 1
n2
(1,na−1) for n> a≥ 1, (n,a) = 1. Every Wahl singularity admits aQ-Gorenstein
smoothing whose Milnor fiber is diffeomorphic to a rational homology ball Bp,q; Wahl [15,
Examples (5.9.1)].
Wahl singularities satisfy the following particular property, which will be key for our
result on rational homology balls embedded in negative linear chains.
Corollary 2.1. Let 0 < a < n be integers with gcd (n,a) = 1. Let n/a = [a1, . . . ,ap] and
n/(n− a) = [b1, . . . ,bq]. Then
n2
na− 1 = [a1, . . . ,ap−1,ap+ bq,bq−1, . . . ,b1].
Proof. See Owens [8, Lemma 3.1] for example. See also Hacking-Prokhorov [3] in more
generality. 
Corollary 2.2. Let
−a1 −ap
be a linear chain with n/a= [a1, . . . ,ap]. Blowing up the
vertex
−ap
appropriately, we have the following linear chain
−a1 −ap−1 −ap−bq −bq−1 −b1 −1 −a1 −ap
Proof. This follows easily from the fact that [bq, . . . ,b1,1,a1, . . . ,ap] = 0. 
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Kolla´r and Shepherd-Barron [7, Section 3] show that any deformations of a quotient
surface singularity can be induced deformations from certain special partial resolutions
(called P-resolutions; Definition 2.3) with only singularities of class T .
Definition 2.3. A P-resolution of (a germ of) a quotient surface singularity (Q ∈ Y ) is a
partial resolution g : Z → Y of Q ∈ Y such that Z has only singularities of class T and KZ
is ample relative to g.
Proposition 2.4 (cf. KSB [7, Theorem 3.9]). For any smoothing pi : Y → D of a quo-
tient surface singularity (Q ∈ Y ), there is a P-resolution g : Z → Y and a Q-Gorenstein
smoothing ψ : Z →D inducingQ-Gorenstein smoothings of each singularities of class T
in Z such that the smoothing Z → D blows down to Y → D, that is, there is a morphism
G : Z → Y satisfying ψ = pi ◦G.
2.2. The semi-stable MMP and flips. We will use in our proofs the explicit semi-stable
MMP for families of surfaces over D which is described in HTU [4]. We will refer to
Urzu´a [13, Section 2] as a quick concise reference.
The notation for a three dimensional extremal neighborhood will be
(C ⊂ X ⊂X )→ (Q ∈Y ⊂ Y ),
where C will be always a P1, X a surface with at most two Wahl singularities such that
C2 < 0 andC ·KX < 0, andC contracts to a cyclic quotient singularity (Q∈Y ). An extremal
neighborhood is said to be flipping if the exceptional set of F is C. On the other hand, if
it is not flipping, then the exceptional set of F is of dimension 2. In this case we call it a
divisorial extremal neighborhood. These flipping or divisorial contractions will be always
mk1A or mk2A; see Urzu´a [13, Section 2] for definition and numerical description. In
these cases, for any flipping extremal neighborhood we always have a proper birational
morphism called flip
(C+ ⊂ X+ ⊂X +)→ (Q ∈ Y ⊂ Y )
where X+→Y is an extremal P-resolution of (Q∈Y ). We also refer the induced birational
map X 99KX + as flip. We recall that an extremal P-resolution f+ : X+ → Y of a cyclic
quotient singularity (Q ∈ Y ) is a P-resolution such that C+ = ( f+)−1(Q) is an irreducible
curve with only Wahl singularities.
A useful fact is the following.
Proposition 2.5 (see e.g. Urzu´a [13, Proposition 2.8]). If an mk1A or mk2A is divisorial,
then (Q ∈Y ) is a Wahl singularity. And the divisorial contraction F : X →Y induces the
blowing down of a (−1)-curve between the smooth fibers of X → D and Y → D.
We will use the notation in Urzu´a [13, Subsection 2.1] for the extremal neighborhoods
mk1a and mk2A. In particular a mk1A will be presented by [e1, . . . ,ei, . . . ,es] where the
Wahl singularity is m
2
ma−1 = [e1, . . . ,ei, . . . ,es]. For a mk2A we will write
[ fs2 , . . . , f1]− [e1, . . . ,es1 ],
where
m22
m2a2−1 = [ f1, . . . , fs2 ] and
m21
m1a1−1 = [e1, . . . ,es1 ] correspond to the two Wahl singu-
larities. For the flip, the extremal P-resolution will be represented by
[ fs2 , . . . , f1]− c− [e1, . . . ,es1 ],
where
m′22
m′2a′2−1 = [ f1, . . . , fs2 ] and
m′21
m′1a′1−1 = [e1, . . . ,es1 ] are theWahl singularities. Precise
terminology and numerics can be found in Urzu´a [13, Subsection 2.1].
RATIONAL HOMOLOGY BALLS AND ANTIFLIPS 7
2.3. Mori sequences. It is proved in HTU [4] that for a fixed extremal P-resolution X+,
we have a family of flipping extremal neighborhoods of type mk1A and mk2A whose flip
is a Q-Gorenstein smoothing of X+. It is also proved that for a fixed Wahl singularity
(Q ∈ Y ), we have a family of divisorial extremal neighborhoods of type mk1A and mk2A
whose divisorial contraction is a Q-Gorenstein smoothing of (Q ∈ Y ). These families
can be described numerically via Mori sequences. In these families there is an invariant
δ ∈ Z>0 which can be read from the intersection of the flipping curve with the canonical
class. If δ = 1, then the Mori sequence is finite. Otherwise the Mori sequence is infinite.
We summarize briefly HTU [4, Subsection 3.3]. See also Urzu´a [13, Section 2].
Let E1 be an mk2A with Wahl singularities defined by pairs (m1,a1) and (m2,a2)
with m2 > m1, that is, an mk2A with two Wahl singularities of type
1
m21
(1,m1a1 − 1)
and 1
m22
(1,m2a2− 1). Here we also allow the mk1A for special case m1 = a1 = 1. Let
δ = m2a1+m1a2−m1m2. Since KX ·C =−δ/(m1m2)< 0, we have δ ≥ 1.
Assume that δm1−m2 ≤ 0 from now on. Such an mk2A is called an initial mk2A
in HTU [4]. We first define two sequences d(i) and c(i) (called the Mori recursions) as
follows: For i≥ 2,
d(1) = m1, d(2) = m2, d(i+ 1) = δd(i)− d(i− 1),
c(1) = a1, c(2) = m2− a2, c(i+ 1) = δc(i)− c(i− 1).
Definition 2.6 (Mori sequence for δ > 1). If δ > 1, then a Mori sequence for an initial
mk2A E1 is a sequence of mk2A’s Ei with Wahl singularities defined by the pairs (mi,ai)
and (mi+1,ai+1) where
mi+1 = d(i+ 1),ai+1 = d(i+ 1)− c(i+ 1), mi = d(i),ai = c(i).
Notice that mi+1 > mi.
Definition 2.7 (Mori sequence for δ = 1). If δ = 1, then a Mori sequence for an initial
mk2A E1 consists of one more mk2A E2 defined by the pairs (m2,a2) and (m3,a3), where
m2 = d(2), a2 = c(2), and m3 = d(2)− d(1), a3 = d(2)− d(1)+ c(1)− c(2).
Proposition 2.8 (HTU [4, Proposition 3.15, Theorem 3.20]). If δm1−m2 < 0, then the
mk2A Ei’s (i ≥ 1) in the Mori sequence of an initial mk2A E1 are of flipping type sharing
the same δ , Ω, ∆ associated to E1 and, after flipping each Ei, they have the same extremal
P-resolution X+ admitting two Wahl singularities defined by the pairs (m′1,a
′
1) and (m
′
2,a
′
2)
where m′2 =m1, a
′
2 = m1−a1, and m′1 = m2−δm1, a′1 ≡ m2−a2−δa1 (mod m′1). Here,
in case of m1 = a1 = 1, we set a
′
2 = 1.
Proposition 2.9 (HTU [4, Proposition 3.13]). If δm1−m2 = 0, then Ei’s are of divisorial
type with m1 = δ , m2 = δ
2, and a2 = δ
2− (δa1− 1). By Proposition 2.5, the contraction
Xi → Y over D corresponding to Ei induces the blow down Xi,t → Yt over 0 6= t ∈ D of a
(−1)-curve between smooth fibers.
Example 2.10 (Mori sequence of a flipping family for δ > 1; cf. Urzu´a [13, Exam-
ple 2.14]). Let (Q∈Y ) be the cyclic quotient surface singularity of type 1
11
(1,3). Consider
the extremal P-resolution X+ → Y defined by [4]− 3. So we have m′1 = 1, a′1 = 1, and
m′2 = 2, a
′
2 = 1, and δ = 3. There are two corresponding initial flipping mk2A’s: One is
defined by the pairs (1,1) and (5,3) and the other is defined by (2,1) and (7,5). Therefore
the first three entries of each Mori sequences are defined by the following pairs:
E1 : (1,1),(5,3), E2 : (5,2),(14,9), E3 : (14,5),(37,24), . . .
E1 : (2,1),(7,5), E2 : (7,2),(19,14), E3 : (19,5),(50,37), . . .
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Notice that two Wahl singularities defined by (n,a) and (n,n− a) represent the same sin-
gularity. So numerical data of any mk1A and any mk2A associated to [4]− 3 can be read
from
· · ·− [3,7,5,2,2,2,2,3,2]− [3,7,2,2,3,2]− [3,5,2]−∅
and
· · ·− [4,7,5,2,2,2,2,3,2,2]− [4,7,2,2,3,2,2]− [4,5,2,2]− [4],
where ∅ represents a smooth point (that is, the case of m1 = a1 = 1 in the initial mk2A).
These two Mori sequences provide the numerical data of all flipping extremal neighbor-
hoods whose flip have [4]− 3 as central fiber. For example, the mk2A’s [3,7,2,2,3,2]−
[3,5,2] and [4,7,2,2,3,2,2]− [4,5,2,2] or the mk1A [4,7,5,2,2,2,2,3,2,2] have flips
whose central fiber is [4]− 3.
Example 2.11 (Mori sequence of a flipping family for δ = 1). Let (Q ∈ Y ) be the cyclic
quotient surface singularity of type 1
13
(1,3). Consider the extremal P-resolution X+ → Y
defined by [5,2]− 2. Then δ = 1. There are two initial flipping mk2A’s; but, their Mori
sequences coincide. The numerical data of anymk1A and any mk2A associated to [5,2]−2
can be read from
[2,5]− [2,2,6]−∅.
Example 2.12 (Mori sequence of a divisorial family; Urzu´a [13, Example 2.13]). Let
(Q∈Y ) be the Wahl singularity 1
4
(1,1). Then the numerical data of any mk1A and mk2A
of divisorial type associated to (Q ∈ Y ) is as follows:
· · ·− [10,2,2,2,2,2,2]− [8,2,2,2,2]− [6,2,2]− [4].
A flip which appears frequently in this paper is the following.
Proposition 2.13 (cf. Urzu´a [13, Proposition 2.15]). Let n2/(na− 1) = [e1, . . . ,es]. Then
the mk1A [e1, . . . ,es−1,es] is an initial flipping mk1A with δ = n− a. If e j = 2 for all
i0 < j ≤ s and ei0 ≥ 3, then the data for the flip X+ is
e1− [e2, . . . ,ei0 − 1].
Proposition 2.14. Let (Q ∈Y ) be a cyclic quotient surface singularity. Suppose that there
is an extremal P-resolution X+→Y defined by [as, . . . ,a1]−c with [a1, . . . ,as] =m2/(ma−
1). Suppose that δ = 1. Then c= 2 and a = m− 1. Hence the extremal P-resolution is of
the form
[m+ 2,2, . . . ,2
︸ ︷︷ ︸
m−2
]− 2
and any mk1A or mk2A corresponding to X+ → Y can be read from:
[2, . . . ,2
︸ ︷︷ ︸
m−2
,m+ 2]− [2, . . . ,2
︸ ︷︷ ︸
m−1
,m+ 3]−∅.
Proof. Since δ = cm′1m
′
2−m′1a′2−m′2a′1 = (c− 1)m− a = 1, we have a = (c− 1)m− 1.
But a< m. Hence c= 2 and a= m− 1. Then the other assertions follow easily. 
3. SIMPLE EMBEDDINGS AND MMP
Let V be a (sufficiently small) regular neighborhood of a linear chain of negative 2-
spheres ∪ri=1Bi with Bi ·Bi ≤−2, which may be assumed to be diffeomorphic to the mini-
mal resolution of a germ of a cyclic quotient surface singularity P. Assume that there is a
smoothly embedded rational homology ball Bp,q →֒V .
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An embedding Bp,q →֒ V is said to be simple if the corresponding rational blow-up
W = (V \Bp,q)∪Cp,q is obtained by a sequence of ordinary blow-ups pi : W → V , that
is, W = V ♯kCP2 for some k ≥ 1; Khodorovskiy [5, 6]. But in this section we consider a
slightly more restricted situation.
Definition 3.1. A simple embedding Bp,q →֒V is said to be plainly simple if the negative
2-spheres of Cp,q inW consist of the proper transforms of Bi’s and that of the exceptional
2-spheres of pi : W →V .
Remark 3.2. It is not necessary that a simple embedding is plainly simple. Recently,
Owens [8, 9] show the existence of simple embeddings of Bp,q’s in CP
2 which are not
symplectic. For B5,2 one can show that it is not plainly simple.
In this section we show that every plainly simple embedding of Bp,q in V comes from a
finite sequence of antiflips applied to a trivial family over a disk D; Theorem 3.5. But, in
order to state the theorem precisely, we need to introduce some notions.
From now on we assume that there is a plainly simple embedding of Bp,q in V .
Let VC be a complex model for V . That is, VC is the minimal resolution of P (of type
1
m
(1,b)) with the exceptional divisors B = ∑ri=1Bi such that (V,∪Bi) is diffeomorphic to
(VC,∪Bi).
Suppose that the dual graph of B is given by
−b1
B1
−b2
B2
−br−1
Br−1
−br
Br (3.1)
where m/b= [b1, . . . ,br].
We may take a sequence of blow-ups piC : WC →VC so that the dual graph ofWC is the
one fromW , that is, piC : WC →VC is the complex model of the blow-ups pi : W →V .
So there is a diffeomorphism of pairs between (Cp,q ⊂W ) and (Cp,q ⊂WC). Since
(Bp,q ⊂ V ) is obtained by rationally blow-down W along Cp,q, there is a smoothly em-
bedded Bp,q in VC induced by the rational blow-down of Cp,q in WC so that there is a
diffeomorphism of pairs
(Bp,q ⊂VC)∼ (Bp,q ⊂V ).
We denote by E = ∑tk=1Ek the divisor in WC consisting of the rational curves corre-
sponding to Cp,q inWC. We contract E fromWC so that we have a singular surface X with
one Wahl singularity x ∈ X . Let f : (X ⊂ X )→ (0 ∈ D) be a deformation of X that is
induced by the Q-Gorenstein smoothing of x ∈ X . A general fiber Xt = f−1(t) (t 6= 0) is
just the rational blow-down of WC along Cp,q. Therefore we have a diffeomorphism of
pairs
(Bp,q ⊂ Xt)∼ (Bp,q ⊂VC)∼ (Bp,q ⊂V ). (3.2)
We now compactifyX as we did in PPSU [11, §3] so that we will transform f : X →D
into a proper map f : X → D because the relative MMP may be applied to proper maps
mostly.
Let F1 be the Hirzebruch surface with the negative section S0 with S0 ·S0 =−1. Let S∞
be another section of F1 with S∞ ·S∞ = 1 and let F be a fiber of F1, that is, F ·F = 0. We
blow up F1 appropriately at S0∩F (including infinitely near points over there) so that we
obtain the following chain of rational curves starting from the proper transform S0 of S0
and ending with the proper transform S∞ of S∞:
−b1
B1 = S0
−b2
B2
−br−1
Br−1
−br
Br
−1 −ae
Ae
−a2
A2
1−a1
A1
+1
S∞ (3.3)
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where m/(m− b) = [a1, . . . ,ae]. Let VC be the blown-up Hirzebruch surface F1 that con-
tains the configuration of rational curves in Equation (3.3) above. Let piC : WC → VC be
the sequence of blow-ups that is the extension of piC : WC → VC. We contract the divisor
E = ∑ti=1Ei inWC corresponding toCp,q so that we get a singular surface X with the Wahl
singularity x ∈ X . Note that
X = X \ (∪ei=1Ai∪S∞).
We will show that the Q-Gorenstein smoothing of x ∈ X can be extended to a deforma-
tion of f : X →D that preserves the curves A1, . . . ,Ae and S∞. For this, we contract again
the linear chain A=∪ej=1A j inWC and X to a singularityQ respectively so that we get two
singular surfaces ŴC and X̂ with two singular points y and Q.
Lemma 3.3. The obstruction to local-to-global deformations of X̂ vanishes. That is,
H2(X̂ ,T
X̂
) = 0, where T
X̂
is the tangent sheaf of X̂ .
Proof. The proofs in PPSU [11, Lemma 3.3, Proposition 3.4] work verbatim. 
Proposition 3.4. Any smoothing X → D of X can be extended to a smoothing X → D
of X which preserves the curves A1, . . . ,Ae and S∞ so that Xt = X t \ (∪ei=1Ai ∪ S∞) for
0 6= t ∈D.
Proof. Since there is no local-to-global obstruction to deform X̂ by the above Lemma 3.3,
one may take a deformation X̂ →D of X̂ that is an extension of a smoothing ofY such that
it preserves the singular point Q. By taking a simultaneous resolution of the singularity Q
on each fibers of X̂ →D, we obtain the desired smoothing X → D of X . 
Theorem 3.5. Given a plainly simple embedding of a Bp,q in V as above, there is a se-
quence of flips X1 99K X2 99K · · · 99KXn with X = X1 such that the central fiber Xn,0
of Xn is smooth and equal to VC. Hence we have that (Bp,q ⊂ V ) and (Bp,q ⊂ Xn,0) are
diffeomorphic.
Proof. To simplify notation, let us write pi : W → V instead of piC : WC → VC. Since
b2(V ) < b2(W ), there are (−1)-curves on W . Moreover since the rational blow-down
ofW alongCp,q is diffeomorphic toV (which is minimal), we must have (−1)-curves inW
intersectingCp,q at one point. LetC be one of them. SinceC+Cp,q is negative definite (the
whole exceptional divisor of pi plus the proper transform of the linear chain B contracts to a
cyclic quotient singularity), we have thatC+Cp,q contracts to a cyclic quotient singularity.
As above, letW → X be the contraction ofCp,q, and let (X ⊂X )→ (0∈D) be a deforma-
tion of X that is induced by theQ-Gorenstein smoothing of the Wahl singularity x ∈ X . We
have that KX ·C < 0. Then the blowing-down deformation ofC ⊂ X into a cyclic quotient
singularity y∈Y gives a flipping extremal neighborhoodX →Y overD. Note that a gen-
eral fiber for both X and Y is diffeomorphic to V . Let (C ⊂X ) 99K (C+ ⊂X + =: X2)
be the flip ofC over Y →D.
We want to continue running the relative MMP. (We could think this is happening in
families of projective surfaces over D by compactifying the surface W as it was done in
PPSU [11] and explained above. There are no local-to-global obstructions, and we run
MMP relative to a blow-up of B ⊂ V .) For that, let us first assume that KX + is nef. This
is the same as assuming KX+ is nef, where X
+ is the central fiber (see Urzu´a [14, Section
2]). Let V → v′ ∈ V ′ be the contraction of L to a cyclic quotient singularity v′ ∈V ′. Then
we have a contraction map X+ → V ′, and it has KX+ nef, so it an M-resolution of v′ ∈ V ′
(i.e., only Wahl singularities and KX+ nef), this is a crepant partial resolution of a unique
P-resolution ofV ′. In particular, theQ-Gorenstein smoothing X+⊂X +→D blows-down
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to a deformation V ′ ⊂ V ′ → D so that the general fibers have the same Milnor numbers
KSB [7]. Now, the general fiber of X+ ⊂ X + → D is diffeomorphic to V , and so its
Milnor number is the number of 2-spheres in the linear chain B. But then the deformation
V ′ ⊂ V ′ → D happens in the Artin component of the versal deformation space of v′ ∈V ′.
This is because the Milnor number of a smoothing in the Artin component is the largest
one from all components, since the difference of the dimension of any two components is
equal to twice the difference between the corresponding Milnor numbers, and the largest
dimension corresponds to the one of the Artin component Wahl [15, (4.7.3)]. We note that
the Milnor number for the Artin component is the number of 2-spheres in B. Therefore,
the surface X+ must be smooth, and so X+ =V , and this is what we wanted to conclude.
Otherwise, suppose that KX+ is not nef. Then as it was done e.g. in Urzu´a [14, Section
2], there must be a curveC⊂ X+ withC ·KX+ < 0 andC2 < 0, and so we are in the situation
of an extremal neighborhood of type k1A or k2A as in HTU [4, Section 5], i.e., induced
from a (−1)-curve in the minimal resolution of X+. It must be of flipping type since the
general fiber of X+ ⊂ X + → D is diffeomorphic to V . Let (C ⊂ X+ ⊂ X +) 99K (C+ ⊂
X3 ⊂ X3) be the flip over D. Note that again, by the same reasons as above, we have the
contraction X3 → V ′. And so, from this point we can apply induction on the number of
flips.
We note that the process must end in a smooth deformationXn→D for some n since at
each flip the index of the Wahl singularities involved strictly decrease (see e.g. HTU [4]).
Since we used only flips, the general fiber Xn,t (t 6= 0) is isomorphic to VC. Hence Xn,0
has no (−1)-curves, and since it is some blow-up of VC, we must have Xn,0 = VC. Hence,
referring to Equation (3.2), MMP gives an explanation of how Bp,q is simply embedded in
V via a trivial family plus antiMMP on its complex modelVC. 
Corollary 3.6. There is no plainly simple embedded rational homology ball Bp,q in a
neighborhood of the linear chain of 2-spheres whose self-intersection numbers are all
(−2).
Proof. Suppose that there is a sequence of flips that induces a simple embedding of a
rational homology ball. Think on the last flipped surface X+n . Then it comes from a P-
resolution which consists of only one (−2)-curve. But a (−2)-curve is not P-resolution
since canonical class is trivial on it. 
Remark 3.7. Khodorovskiy [5, Prop.5.1] proves that there are no symplectically embed-
ded Bn,1 in E(2) for any n ≥ 2, which implies that there is no symplectic embedding
Bn,1 →֒ V−2 for any n ≥ 2. The above corollary would be a generalization of this phe-
nomenon.
4. SMOOTHLY EMBEDDED RATIONAL HOMOLOGY BALLS VIA MMP
We prove the existence of smoothly embedded rational homology balls using Mori se-
quences of antiflips. We first construct a special flipping mk1A associated to a given linear
chain. Let V be a germ of complex surface containing a linear chain
Γ =
−e1 −et
of complex rational curves with ei≥ 2 for all i. Assume that et ≥ 3. If n/a= [e1, . . . ,et−1],
then, blowing up appropriately V several times (cf. Corollary 2.2), we have a regular
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neighborhoodU of the linear chain
−b1
B1
−bs
Bs
−1
C
−e1 −et−1
where n2/(na− 1) = [b1, . . . ,bs]. Let U → X be the contraction of the linear chain B1 ∪
·· ·∪Bs inU to a Wahl singularity P ∈ X defined by the pair (n,a). Denote again byC⊂ X
the image of C ⊂ U . Let U → Z be the contraction of C ⊂ X to a quotient singularity
Q ∈ Y . Let X →D be a deformation of X induced by the Q-Gorenstein smoothing of the
singularity P ∈ X and let Y → D be the blown-down deformation of X →D. According
to Proposition 2.13, (C ⊂X )→ (Q ∈ Y ) is an initial flipping mk1A.
Definition 4.1. The mk1A constructed above is called the usual initial flipping mk1A as-
sociated to the linear chain Γ. We denote it
−b1
B1
−bs
Bs
−1
C
−e1 −et−1
where the vertex  implies that the corresponding rational curve is contracted to a Wahl
singularity. For simplicity, we may denote the above mk2A by [b1, . . . ,bs]− 1− e1−·· ·−
et−1, where the bracket [ ] implies that we contract them.
Remark 4.2. The linear chain
−e1 −et
is the δ -half linear chain of the Wahl singu-
larity 1
n2
(1,na− 1) defined in PPS [10, Definition 2.6].
Almost all initial flipping mk1A associated to a linear chain have δ > 1:
Lemma 4.3. Let E1 be the usual initial flipping mk1A associated to Γ. Then δ = 1 if and
only if Γ is of the form
−2 −2 −3
Proof. By Proposition 2.13, δ = n−a. Therefore n−a= 1 iff a= n−1 iff [a1, . . . ,at−1]=
n/(n− 1) = [2, . . . ,2]. 
Lemma 4.4 (PPS [10, Corollary 3.12]). Applying flips described in Proposition 2.13 re-
peatedly to the usual initial flipping mk1A (C ⊂X )→ (Q ∈ Y ) associated to Γ, we have
a deformationZ →D such that all of the fibers are smooth. In particular, the central fiber
Z0 of Z → D is the regular neighborhoodV .
Theorem 4.5. Let V be a regular neighborhood of a linear chain Γ = E1∪·· ·∪Et (t ≥ 1)
of 2-spheres whose dual graph is given by
−e1
E1
−et
Et
where Ei ·Ei = −ei ≤ −2 for all i. Let n/a = [e1, . . . ,et − 1]. If et ≥ 3, then there are
pairs (Bmi,ai ,Bmi+1,ai+1) of disjoint rational homology balls smoothly embedded inV , where
(mi,ai) and (mi+1,ai+1) are consecutive pairs of Mori sequences associated to n
2/(na−
1). If, furthermore, Γ is not of the form
−2 −2 −3
then there are infinitely many such
pairs of disjoint rational homology balls.
Proof. We may assume that V itself is a complex surface containing the linear chain con-
sisting of complex rational curves.
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Let E1 : (C1 ⊂ X1) → (Q ∈ Y ) be the usual initial flipping mk1A associated to Γ.
According to Lemma 4.4, after a sequence of finite flips applied to (C1 ⊂X1)→ (Q ∈Y ),
we have a deformation Z → D such that all of the fibers are smooth. Hence the central
fiber Z0 is diffeomorphic to a general fiber Zt (t 6= 0). Furthermore the central fiber Z0 is
equal to the regular neighborhoodV . Therefore, since a flip changes only the central fiber,
X1,t is diffeomorphic to Zt , hence, to V = Z0.
We may regard the mk1A (C1 ⊂X1)→ (Q ∈ Y ) as an initial flipping mk2A with one
more Wahl singularity defined by the pair (1,1). Let (Ci ⊂Xi)→ (Q ∈ Y ) (i≥ 1) be the
mk2A with Wahl singularities defined by (mi,ai) and (mi+1,ai+1) in the Mori sequence of
mk2A’s starting from (C1 ⊂X1)→ (Q ∈ Y ).
Notice that a general fiber Xi,t ’s (t 6= 0) of Xi →D contains disjoint rational homology
balls Bmi,ai and Bmi+1,ai+1 and two general fibers Xi,t and X j,t for t 6= 0 are diffeomorphic
because this is a flip over D. Therefore every Xi,t is diffeomorphic to V . Hence there are
two disjoint pairs of rational homology balls (Bmi,ai ,Bmi+1,ai+1) smoothly embedded in V ,
as asserted.
Furthermore, if Γ is not of the form
−2 −2 −3
then δ > 1 by Lemma 4.3. Hence the
Mori sequence for E1 has infinitely many mk2A’s, which implies that there are infinitely
many pairs of disjoint rational homology balls embedded in V . 
Proposition 4.6. The embeddings in the above Theorem 4.5 are simple.
Proof. Let Ei : (Ci ⊂Xi)→ (Q ∈ Y ) be the i-th flipping mk2A constructed in the proof
of Theorem 4.5. We showed in the proof that a general fiber Xi,t is diffeomorphic to the
regular neighborhoodV . Note that the rationally blown up Z can be obtained from V by a
sequence of ordinary blowing ups. Hence the assertion follows. 
Example 4.7. The usual initial flippingmk2AE1 associated to
−3 −3
is
−3 −5 −2 −1 −3
For example, the second mk2A E2 is
−3 −7 −2 −2 −3 −2 −1 −3 −5 −2 −3
. The first
flip on E1 is given by
−3 −4 −1
. Then, the second flip induces the original linear chain
−3 −3
.
Remark 4.8. One may construct other initial flipping mk2A’s E1 (C ⊂X1) associated to
the given linear chain Γ such that there is a sequence of flips X1
f lip
99K X2
f lip
99K · · · f lip99K Xn
where the central fiber Xn,0 of Xn is the regular neighborhood of the given linear chain
Γ. For example, the linear chain
−3 −2 −4
has the usual one [3,2,5,4,2]− 1− 3− 2 but
also the new one 1− [4,2,5,4,2,2]− 1− [4]− 2. So there are another Mori sequences
associated to the given linear chain.
Remark 4.9. If Γ =
−2 −2 −3
, then Bn,1 and Bn+1,1 are smoothly embedded in V by
Proposition 2.14. We do not know whether there are more rational homology balls in V .
The following Corollary 4.10 and Theorem 4.11 generalize Khodorovskiy [6, Theo-
rems 1.2, 1.3].
Corollary 4.10. Let V−n be a neighborhood of a 2-sphere with self-intersection number
(−n) for n ≥ 4. Then there exist infinitely many pairs of disjoint rational homology balls
smoothly embedded in V−n. In particular, we have Bn−1,1 →֒ V−n. Furthermore, if n = 4,
then there is an embedding B2m+1,1 →֒V−4 for any m≥ 1.
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Proof. The numerical data for the initial mk1A associated to
−n
is [(n− 1,1)]− 1−
[(1,1)], that is, [n+ 1,2, . . . ,2]. So there is an embedding Bn−1,1 →֒V−n. If n= 4, then the
numerical data for the initial mk1A is [5,2]. So the Mori sequence can be described simply
by
· · ·− [2m+ 3,2,2, . . . ,2]−·· ·− [5,2]−∅
where m≥ 1. Therefore B2m+1,1 (m≥ 1) is smoothly embedded in V−4. 
Theorem 4.11. For any integers n,a with n > a ≥ 1 and (n,a) = 1, there are infinitely
many pairs of disjoint rational homology balls (Bmi,ai ,Bmi+1,ai+1) smoothly embedded in
Bn,a♯CP
2, where (mi,ai) and (mi+1,ai+1) are consecutive pairs of Mori sequences associ-
ated to the initial divisorial mk2A with two Wahl singularities defined by the pairs (n,a)
and (n2,na−1). In particular, (m1,a1) = (n,a) and (m2,a2) = (n2,n2− (na−1)), that is,
Bn,a⊔Bn2,na−1 →֒ Bn,a♯CP2. In particular, there is an embedding B2m,1 →֒ B2,1♯CP
2
for
any m≥ 1.
Proof. Let (Q ∈ Y ) be the Wahl singularity defined by the pair (n,a). Let V → Y be the
minimal resolution of Q whose dual graph is given by
−a1 −as
with n2/(na− 1) = [a1, . . . ,as]. By Corollary 2.2, after a sequence of appropriate blowing
ups of V , we have a regular neighborhood V˜ of the linear chain
−b1 −bt −1
C
−a1 −as
with (n2)2/(n2(na−1)−1) = [b1, . . . ,bt ]. Then we have an mk2A E1 : (C ⊂X )→ (Q ∈
Y )where there are two Wahl singularities onC defined by the pairs (n2,na−1) and (n,a).
Then δ = n> 1 and one can easily check that this mk2A E1 is initial and of divisorial type.
Let Ei : (Ci ⊂Xi)→ (Q ∈ Y ) be the mk2A in the Mori sequence for E1. By Proposi-
tion 2.5, there is a blow-down Xi,t →Yt (t 6= 0) of a (−1)-curve between two smooth fibers.
Note that Yt = Bn,a and there are two disjoint rational homology balls in Xi,t .
If n= 2 and a= 1, then the Mori sequence is just
· · ·− [2m+ 2,2,2, . . . ,2]−·· ·− [6,2,2]− [4]
where m ≥ 1. Therefore B2m,1 (m ≥ 1) is smoothly embedded in B2,1♯CP2. Hence the
assertion follows. 
The above theorem generalizes Owens [8, Theorem 4] which asserts that there is an
embedding Bn2,n−1 →֒ Bn,1♯CP2.
On the other hand, Owens [8, §5] extends the notion of simple to embeddings of the
form Bp,q →֒ Bp′,q′♯CP2 as follows: The embedding Bp,q →֒ Bp′,q′♯CP2 is said to be simple
if the resulting rational blow-up of Bp,q has the same effect as rationally blowing up Bp′,q′ ,
together with a sequence of ordinary blow-ups.
Proposition 4.12. The embeddings Bmi,ai →֒ Bn,a♯CP2 in the above Theorem 4.11 are
simple for i> 1.
Proof. As in the proof of Theorem 4.11, let Ei : (Ci ⊂ Xi) → (Q ∈ Y ) (i ≥ 2) be the
divisorial mk2A with two Wahl singularities P1 and P2 defined by the pairs (mi,ai) and
(mi+1,ai+1) respectively over (Q ∈ Y ) where Q ∈ Y0 is a Wahl singularity defined by the
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pair (n,a). If we smooth out P1 ∈ Ci ⊂ Xi,0 but keep P2, then the mk2A Ei deforms to a
divisorial mk1A E′i : (C
′
i ⊂X ′i )→ (Q ∈ Y ) with one Wahl singularity defined by the pair
(mi,ai). Then the two embeddings Bmi,ai →֒ Bn,a♯CP2 via the mk2A Ei and the mk1A E′i
are equivalent to each other.
Let Bmi ,ai →֒ Bn,a♯CP2 be the embedding obtained via the mk1A E′i. The rational blow-
up along Bmi,ai is equivalent to taking the minimal resolution of Pi ∈ X ′i,0 on the central
fiber X ′i,0 of E
′
i, which is equivalent to taking the minimal resolution Q ∈ Y0 followed by a
sequence of ordinary blow-ups. So the assertion follows. 
5. RATIONAL HOMOLOGY BALLS IN MILNOR FIBERS
We show that there are infinitely many rational homology balls smoothly embedded in
the Milnor fibers of certain cyclic quotient surface singularities and the embeddings are
non-simple. Thus there is also little obstruction to embedding rational homology balls in
smooth 4-manifolds in a ‘non-simple’ way.
Theorem 5.1. Let (Q ∈ Y ) be a cyclic quotient surface singularity which admits an ex-
tremal P-resolution f+ : X+ → Y with one Wahl singularity defined by the pair (m′,a′).
Then there are infinitely many pairs of disjoint rational homology balls smoothly embedded
in the Milnor fiber M associated to the P-resolution X+ → Y and all of these embeddings
are non-simple.
Proof. Let (−c) be the self-intersection number of the strict transform of the exceptional
divisor of f+ in the minimal resolution of X+. We define an mk2A E1 : (C1 ⊂ X1)→
(Q ∈ Y ) by the numerical data (m1,a1) = (1,1) and (m2,a2) = (cm′− a′,m′− a′). Then
δ = cm′−m′− a′ < 0 (for c ≥ 2 and m′ > a′) and δm1−m2 = −m′ < 0. Therefore E1
is initial and flipping such that, on its flip (C1 ⊂ X1) 99K (C+ ⊂ X +), the extremal P-
resolution X+ is the central fiber of X + →D.
Notice that there are infinitely many entriesEi : (Ci⊂Xi)→ (Q∈Y ) (i≥ 1) of mk2A’s
in the Mori sequence starting E1 and that M ∼= X+t ∼= Xi,t for 0 6= t ∈ D. Hence there are
infinitely many pairs of disjoint rational homology balls induced fromEi for i≥ 1 smoothly
embedded inM.
Suppose that an embedding B →֒M is induced from an mk2A E : (C⊂X )→ (Q∈Y )
in the Mori sequence starting from E1. As in the proof of Proposition 4.12, the embedding
B →֒M is indeed induced from anmk1AE′ : (C′⊂X ′)→ (Q∈Y ) obtained by deforming
the mk2A E by Urzu´a [13, Proposition 2.12].
Let Z be the rationally blown-up of the 4-manifold fromM along B. Then, by construc-
tion, Z is diffeomorphic to the minimal resolution of the central fiber X ′0 ofX
′→D (where
KX ′0 is negative), which can be obtained from the minimal resolution of Y by a sequence
of ordinary blow-ups. ThereforeM must be diffeomorphic to the minimal resolution of Y ,
but thenM is the Milnor fiber of the Artin component, and so the P-resolution is smooth, a
contradiction. 
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